In this paper, a finite-difference time-domain (FDTD) formulation, based on the exponential matrix and on thin material sheet methods is developed for modeling subcellular thin graphene sheets. This formulation is validated by reproducing graphene frequency selective surfaces (FSS) known from literature. Then, we propose in this work a smart graphene FSS device. Smartness is obtained by means of a unity cell formed by a graphene ring with a graphene sheet placed in its aperture. By properly regulating the chemical potentials of the graphene elements, two frequencytunable modus operandi are obtained: single-or dual-band rejection modes. When the device operates in its dual-band rejection mode, either of the rejection bands can be shifted individually in the frequency spectrum. Additionally, both rejection bands can also be reconfigured simultaneously.
According to the Drude model, disregarding interband contributions, the conductivity of the graphene can be represented by the tensor [13] [16] 
In (2)  is the chemical potential of graphene [5] . for when B0 = 0, where SPP k is the plasmon wavenumber and f is the frequency. The parameters 0 k and 0  are the well-known free space wavenumber and wave impedance, respectively. On the region containing the graphene sheet, the frequency domain Ampère's law can be written as
are the Fourier transforms of the electric field, magnetic field and electric current volumetric density, respectively. Provided that the thin graphene sheet of interest is positioned at k zz = , such as illustrated by Fig. 1 , its surface conductivity can be described in terms of the Dirac impulse function [18] by ( ) ( ( ) ( ) ). k zz     = −   v JE (7) Integrating (7) in the interval [ / 2,
where z  is the length of the Yee cell edge parallel to z (Fig. 1) , and applying the sampling property of the impulse function, one obtains (8) in which ( )
is the surface current density. By using (1) and (8) 
Applying (2) and (3) to (10) , using (11) and transforming (10) to time domain produce 0 () ( ) ( ) ( ).
Similar mathematical procedures executed applying (2) and (3) to (11) and using (10) yield 0 () ( ) ( ) ( ). 
Equations (12) and (13) can be written using a compact matrix notation as 0 () ( ) ( ), dt tt dt   =  + J M J E (14) in which 
In (15) ,
In order to solve the matrix differential equation given in (14) , the matrix exponential method is applied [13] , [19] . At first, (14) is transformed to Laplace domain. Subsequently, after performing the proper mathematical manipulations, one sees that 11 00
Then, by applying the inverse Laplace transform in (16) , we have
In the FDTD method, () Jt and () Et are calculated, in the discrete time lattice, at instants ( ) 
where t e  = M A (19) and
Equations (19) and (20) (22) in which
Therefore, the discrete equations for updating x J and y J are given by 458   1   2  1  1  1  ,,  ,,  2  2  2  10 1  ,,  2  1  2  ,,  1 Differently from what is proposed in [13] , in this work components of surface current density tangential to graphene sheets are calculated at the same spatial positions defined by Yee for calculating the corresponding components of electric field, such as Fig. 1 illustrates for a graphene sheet placed parallelly to the x-y plane. This is necessary for performing physically-appropriate calculations of the components of J and E on graphene sheets. This is due to the interdependence between x J and y J , specified by (12) and (13) , which follows from the tensor nature of the electrical conductivity (1) . In this way, spatial averages of the field components must be considered for computing (25) and (26). Therefore, we have 2  2  2  2  2  1  1  1  1  1  , , , , In an analogous way, it is possible to obtain a FDTD equation for [20] .
In this work, the programming language C was employed for implementing the proposed method.
III. VALIDATION OF THE DEVELOPED FORMULATION
In order to validate the FDTD formulation presented in Section II, the frequency response of the graphene FSS described in [10] is reproduced in this paper. The numerical solutions obtained using the FDTD routine developed in this work are compared with results calculated employing HFSS.
The FSS modeled for validation purposes is illustrated by Fig. 3 . The square unit cells have sides The computational domain used in the FDTD method to represent the unit cell of the FSS under analysis has 20×20×400 cells. In this mesh, the Yee cells are cubic, with edges measuring 0.25 m  = . Beneath and above the periodic structure, convolutional perfectly matched layer (CPML) formulation [22] is used, absorbing electromagnetic waves propagating outwardly the FDTD lattice. Periodicity is achieved by applying the PBC (Periodic Boundary Condition) technique defined in [23] at the side ends of a single period of the FSS. The FSS is excited by a x-polarized plane wave generated using the TF/SF technique (Total-Field/Scattered-Field) [20] , of which temporal profile is 
A. Design of a smart graphene FSS operating as dual-band or single band filter
As a preliminary procedure to obtain the smart multiband FSS, we analyze the spectral response of This configuration is investigated via FDTD and HFSS to demonstrate that a rectangular opening in the graphene ring used as the FSS unit cell produces more than one rejection band. This analysis is a first step towards the design of the proposed smart FSS device. In FDTD simulations, the uniform computational mesh has 160×160×400 cubic Yee cells, of which edges measure 31.25 nm.
As it can be seen in results of Fig. 6 , this periodic structure has two rejection bands (i.e., it is a dualband FSS). By considering the rejection level of 4 − dB as reference, the lower-band rejection window has relative bandwidth of 40 %, ranging from 2.70 THz to 4.05 THz. In this frequency range, the minimum transmission of -10.05 dB is seen at the frequency of 3.39 THz. The bandwidth of the higher-frequency rejection band (6.43 -7.38 THz) is 13.76%. The minimum transmission is -7.71 dB at 6.93 THz. to the border on the opposite side, separated by the distance Dg − (see Fig. 5 ). This is also observed in Fig. 8(a) for the first resonance of the rectangular aperture ring. However, the second resonance of FSS based on the rectangular aperture ring is driven mainly by the intense currents flowing between edges of the ring and edges of the rectangular aperture (which are set apart by the distance
, as it is perceptible by inspecting Fig. 8(b) . This justifies the fact that the second resonance frequency (6.93 THz) is higher than twice the first resonance frequency (3.39 THz). Thus, the main idea grounding the design of the proposed smart FSS is using the graphene sheet at the rectangular aperture of the ring to turn on or off the high-frequency rejection band, producing two reconfigurable operation modes. This is possible because setting the chemical potential of a graphene sheet to zero makes it practically transparent for electromagnetic waves and the increment of this parameter increases electrical conductivity of the graphene element (see Fig. 2 ). For the cases in , which is similar to the current distribution seen in Fig. 7 (a) for the case based on the ring only. Additionally, when ci  approaches 1eV, a second resonance is created, working supported not only by the current distribution on the ring seen in Fig. 8(d) , which is similar to the quadrupole mode of Fig. 8 (b) of the rectangular aperture ring second resonance. It is also supported by the currents induced on the graphene sheet in the ring aperture. In summary, when ce  and ci  are much larger than zero simultaneously, the space a between the ring and the internal graphene sheet works similarly to the rectangular aperture of Fig. 8(b) . Further, when ci  approaches zero, the inner sheet becomes nearly transparent and the FSS behaves analogously as the structure of Fig. 7(a) . == nm). In the mesh created using HFSS, the minimum and maximum edges of the triangular elements are 13 nm and 270 nm, respectively. This finite element mesh is shown in Fig. 9 .
The first operation state is the dual-band mode (mode on). As previously explained, it can be − dB at f = 6.21 THz. As Fig. 10 shows, the transmission minimum in the higher-band rejection window is 3 dB lower than the minimum of the first rejection band. This is expected since the lower-frequency rejection band is mainly supported by the currents induced on the ring and the high-frequency rejection band is supported not only by induced currents on the graphene ring, but also by induction on the graphene sheet in the ring aperture. This physical − THz), slightly smaller than the bandwidth of the lower resonance band of the mode on, as it can be inspected using Fig. 10(a) . Additionally, as shown in Fig.   7 (b), s J distribution presents a dipole mode similar to that seen in Fig. 7(a) for the FSS without the graphene sheet in the ring aperture. 
B. Fine-tuning of rejection band(s)
In this section, operation modes of the proposed device are presented along with results and physical analysis, grounding the functioning mechanisms of the FSS.
B.1. Tuning exclusively the higher rejection band (mode on)
In order to controllably obtain shifting exclusively of the higher rejection band in mode on, it is sufficient to regulate ci  . Thus, ce  is set to 1 eV and ci  can assume values between 0.4 eV and 1.0 eV. Fig. 11 shows the transmission coefficients for four configurations of chemical potentials, illustrating the shifting solely of the higher rejection band. For the demonstrated settings, the spectral sweeping band is 1.89 THz (from 4.33 to 6.22 THz). The first rejection band is not shifted, in such way that its minimum transmission tends to be around 2.75 THz as ci  is tuned. For better understanding the physics governing this device operation mode, we further analyze two setups: eV, respectively. For both configurations, s J on the graphene ring is much more intense than the current density produced on the graphene sheet placed in the ring aperture. By observing the data in Table II , we see that SPP  is around 86 µm, which is roughly four times the perimeter of the ring (18  == eV configuration ( Fig. 12(a) ). That is why, at the first resonance, the transmission level for this configuration is lower than that for the reductions of the currents on the ring, and consequently transmission levels seen for this configuration is slightly higher than that seen for 1 ce ci  == eV (see Fig. 11 ). Fig. 12(b) shows higher current levels on the aperture graphene sheet than that seen for in Fig. 13(b) . This happens because of the particular electric dimensions of the sheet for the different cases at hand. For the case of Fig. 13(b Fig. 12(b) , the sheet is configured with 1 ci  = eV and f = 6.21 THz ( 23.90 SPP  = µm). This way, we observe that dimensions of the sheet are closer to 22.67 µm than to 23.90 µm, justifying the slightly higher sheet current amplitudes seen in Fig. 13(b) . Regarding the second resonance currents on the graphene ring, it is important to observe that currents are produced mostly aligned to the diagonal lines of the ring. In addition, currents aligned to The length e d is closer to 23 .90 SPP  = µm (case of Fig. 12(b) ) than to 33.65 SPP  = µm (case of Fig.   13(b) ). Therefore, it is possible to say that higher diagonal currents on the ring for the case of 
The distributions of

B.2. Tuning simultaneously both rejection band (mode on)
As it is clearly seen from Fig. 2(c) and ( By considering the rejection level of 4 − dB as reference, the spectral sweeping for the lower rejection band is 0.85 THz (1.87 2.72 − THz) and for the higher rejection band is 0.55 THz (4.54 5.09 − THz). Sweeping bandwidth for higher rejection band is noticeably narrower than that of the lower rejection band. This feature is clearly explained by the fact that the former depends much more on the coupling between sheet and ring than the later, as earlier discussed. Finally, Table III contains the relative bandwidth, also calculated by taking the reference rejection level of 4 − dB, for each configuration of chemical potentials in Fig. 14. 
B.3. Tuning exclusively the lower rejection band (mode on)
Shifting exclusively the lower rejection band can be achieved by properly regulating ci  and . ce  Tuning of both parameters is necessary because, as previously discussed, modifying uniquely ci  produces shifts exclusively on the second rejection band and, as it is clearly seen from the previous analysis, tuning ce  alter both rejection bands concurrently, as Fig. 15 further illustrates. Therefore, electrical lengths of the sheet and of the ring must be modified simultaneously for producing the desired effect of tuning exclusively the lower rejection band.  in order to set the minimum transmission of the second resonance band back to 4.9 THz. By following the described procedure, the lower rejection band can be shifted controllably, as Fig. 16 illustrates. Fig. 16 . Transmission coefficient for the configurations analyzed, illustrating controlled shifting of the lower rejection band. Fig. 16 also shows the obtained chemical potential arrangements for solving the problem at hand, i.e., shifting the lower rejection band while preserving the higher rejection band centered at Table III provides the relative bandwidth for each arrangement of chemical potentials given in Fig. 16 .
The shifting exclusively of the first resonance band can also be understood by analyzing the surface current distributions s J shown in Figs. 17 and 18 . In Figs. 17(a) eV produces lower transmission levels and, as predictable, lower resonance bands emerge centered at different frequencies for each case (see Fig. 16 ). Currents on the aperture sheet are moderately more intense for the configuration of Fig. 17(b) because the sheet is slightly electrically larger than in the case of Fig. 18(b) , as it can be seen by inspecting Fig. 18(b) , as it favors ring resonance, thus demonstrating the importance of electromagnetic coupling between the ring and the aperture sheet for preserving the central frequency of the higher rejection band.
B.4. Tuning the rejection band of mode off
In mode off, aperture graphene sheet must not favor current flows, thus suppressing the higher rejection band. As it can be seen in Figs. 2(a)  is fixed to 1 meV. Thus, the shifting of the rejection band in mode off is produced by tuning ce  on the graphene ring, as demonstrates Fig. 19 . Table IV provides the relative bandwidth, considering the rejection level of 4 − dB as reference, for each configuration of chemical potential shown in Fig.   19 . For the present operational mode, the spectral sweeping band is 1.33 THz (1.76 3.09 − THz).
Thus, the tuning of the ring electric length allows the structure to have various rejection band central frequencies.
As ce  is incremented, central frequencies of rejection bands increase once more due to the augment of plasmon wave velocity given in (5) . Additionally, increments on ce  causes a more metallic behavior of the graphene ring, as it is noticeable in Figs. 2(a) and 2(b) . As a result, the FSS will reflect more electromagnetic power as ce  is increased. Fig. 19 . Transmission coefficient illustrating the shifting of the rejection band of mode off by tuning ce  . V. FINAL REMARKS In this paper, an FDTD formulation based on the matrix exponential method is developed. The graphene sheets are modeled considering only the intraband contribution of graphene conductivity.
The results show good agreement with those obtained in commercial HFSS software, validating the developed FDTD formulation. The developed formulation presents numerical corrections for properly characterize the physical interdependence between x J and y J represented by the tensorial nature of the electrical conductivity of the graphene. Additionally, a novel intelligent FSS is proposed. It is formed only of graphene elements and is analyzed via FDTD and HFSS. The unity cell of the device contains a graphene ring and a coplanar aperture graphene sheet. With this geometry, the device can operate in single-band or dual band modes. In the single-band configuration, the structure has a fractional bandwidth of 52.3%, with its central frequency rejection band reconfigurable. In the dualband operation, the first rejection band has a fractional bandwidth of 37.9 % and the second, 33.3 %.
In addition, by operating in dual-band, the device may have the first, second or both rejection bands shifted properly tuning the chemical potentials of the graphene elements. For the shifting of the lower rejection band in mode on, the spectral sweeping band is 0. Fig. 20 , they produced an ultrafast optically tunable THz modulator. Fig. 20 . Schematic diagram of the experiment conducted in [12] for measuring graphene absorption of THz incident wave.
In this appendix, we have numerically reproduced the setup of Fig. 20 using the commercial simulators CST and COMSOL and the absorption levels of incident THz waves have been calculated.
As in [12] , the graphene sheet was subjected to the chemical potential μc = 0.25 eV. The chemical vapor deposition (CVD-grown) technique was employed, producing transport relaxation time τ = 25 fs for the graphene sheet [12] . Also, due to the used fabrication technique, the real part of the graphene conductivity is 70% greater than that predicted by the theory for a perfect sheet, given by (1)-(4) [12] . The SU-8 substrate is 19 μm in thickness and its relative complex permittivity is 3.9 0.089 r j  =+ . The imaginary part of r  was calibrated in this paper for properly modeling the losses of the substrate, as long as it is not provided by the reference paper. Finally, beneath the substrate, a perfect electrical conductor (PEC) slab acts as a ground plane for the structure.
In CST and COMSOL, the structure is excited by a TM mode (p-polarization) plane wave, of which angle of incidence is 45º i  = (Fig. 20) , such as indicated in [12] . The plane wave is generated by using a Floquet port. Furthermore, periodic Floquet conditions are applied at the side ends of the domain for yielding required periodicity. Fig. 21 shows the results of experimental measurements and numerical calculations of [12] and of numerical calculations of the absorption spectra obtained in this paper using COMSOL and CST.
Good agreement is observed among the experimental curve and our numerical results, especially at the resonance frequencies (2.17 THz and 6.38 THz). Our numerical data is also well-matched with the calculations of [12] . Indirectly, our FDTD method is validated once more, as it agrees very well with COMSOL and CST results. Nevertheless, in face of the experiments conducted in [12] and of the validated design of the proposed smart FSS, we also may say that it is perfectly feasible to
